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Abstract
Data from e+e− annihilation into hadrons, taken with the ALEPH detector at the Z pole, are
analyzed in order to test next-to-leading order calculations for four-jet observables which have
become available recently. Angular distributions in four-jet events as well as four-jet event shapes
such as y4 and Thrust Minor are studied and compared to the predictions which are corrected for
hadronization eects.
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1 Introduction
Electron-positron annihilation into hadrons at high energies is the cleanest process to test
Quantum Chromodynamics (QCD), the theory of strong interactions, since the initial state is
known very well and long-distance (non-perturbative) eects are typically small. Therefore many
QCD studies have been carried out at LEP, in particular precise measurements of the strong
coupling constant αs(MZ) [1] and tests of the structure of the underlying gauge group [2], which
is SU(3) in the case of QCD. For the former measurements jet rates and so called event-shape
variables have proven to be very useful. Those variables are very sensitive to the eects of gluon
radiation, and usually dened such that the dierential cross sections are directly proportional to
the strong coupling. The dierential matrix elements in leading (LO) and next-to-leading order
(NLO) for these three-jet type quantities have been known for a long time [3], and for some of the
variables even the resummation of large logarithms to all orders in perturbation theory has been
carried out [4].
In order to get sensitivity to the gauge structure of the theory, another class of observables
has been employed, namely angular distributions of jets in four-jet events. The perturbative
expansion for the dierential distributions of these observables starts at O(α2s), and only LO
predictions were available until recently. However, now the next-to-leading order corrections have
been computed [5]-[13], which allows rened studies of four-jet observables, such as improved tests
of the gauge structure or measurements of the strong coupling constant with variables for which
the perturbative predictions start at O(α2s), only.
In this note a rst test of these new calculations is presented, by comparing the next-to-leading
order predictions for a group of observables to corrected ALEPH data. In the following section the
theoretical input is summarized, then the ALEPH detector and the data analysis are described.
Next the comparison of the predictions with corrected data are shown, and nally conclusions are
given.
2 Observables and Theoretical Predictions
The next-to-leading order dierential cross section for an infrared and collinear safe four-jet


























where σtot is the total cross section for e
+e− annihilation into hadrons, s is the total centre-
of-mass energy squared, µ is the renormalization scale and BO4 and CO4 are scale-independent
functions, which are obtained from the integration of the fully dierential matrix elements for
e+e− annihilation into four-parton nal states. This integration has been carried out with the
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CA = 3, CF = 4/3, TR = 1/2 are the QCD colour factors, and Nf = 5 is the number of active
flavours.
The following observables have been studied. For those events where exactly four jets are found
by the Durham jet clustering algorithm [15] with the E0 recombination scheme and a cut-o value
of ycut = 0.008, the energy-ordered jet momenta are used to compute the four-jet angular variables
listed below :
 the Bengtsson-Zerwas angle :
χBZ = ][(p1  p2), (p3  p4)]
 the Ko¨rner-Schierholz-Willrodt angle :
KSW = 1/2 f][(p1  p4)(p2  p3)] + ][(p1  p3), (p2  p4)]g
 the (modied) Nachtmann-Reiter angle :
θNR = ][(p1 − p2), (p3 − p4)]
 the angle between the two lowest energy jets : α34 = ][p3,p4]
These variables have already been used extensively for the measurements of the QCD colour
factors [2] because the shape of these distributions is sensitive to the group structure. Here the
normalization is with respect to the total number of events, so sensitivity to the four-jet rate is
also gained.
For all hadronic events, the following event shape variables have been considered :
 Thrust Minor Tmin [16]
 D-parameter D [17]
 y4 (Durham, E0 scheme), which is the jet resolution parameter when going from four to
three jets.
3 Data Analysis
3.1 The ALEPH Detector
The ALEPH detector is described in detail elsewhere [18]. Briefly, at the core of the tracking
system is a silicon strip vertex detector (VDET). This has two layers, at average radii of 6.5 and
11.3 cm, each providing measurements in both the r-φ and r-z views. The spatial resolution for
r-φ coordinates is 12 µm and varies between 12 and 22 µm for z coordinates, depending on the
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track polar angle. The angular coverage of the VDET is j cos θj < 0.85 for the inner layer and
j cos θj < 0.69 for the outer layer. The VDET lies within a small cylindrical drift chamber (ITC),
which measures up to eight coordinates per track in the r-φ view, with a resolution of 150 µm.
The ITC is in turn enclosed in a large time projection chamber (TPC), lying between radii of
30 and 180 cm. This provides up to 21 three-dimensional coordinates per track, with resolutions
in the r-φ and r-z views of 180 µm and 1-2 mm, respectively. The three tracking detectors are
surrounded by a superconducting solenoid producing a magnetic eld of 1.5 T.
For charged tracks with two VDET coordinates, a transverse momentum resolution of
pT /pT = 6  10−4pT  0.005 (pT in GeV/c) is achieved. The impact parameter resolution
is 25 95/p µm (p in GeV/c) in both the r-φ and r-z views.
An electromagnetic calorimeter (ECAL) and a hadron calorimeter (HCAL) are used to measure
the energies of neutral and charged particles over almost the full 4pi solid angle. The ECAL is a
lead/wire-chamber sandwich operated in proportional mode and is read out via projective towers
subtending typically 0.9 0.9. A relative energy resolution of 0.18/pE (E in GeV) is obtained.
The HCAL uses the iron return yoke as absorber and has an average depth of 1.2 m. Hadronic
showers are sampled by 23 planes of streamer tubes, which induce an analog signal on pads
arranged in projective towers of approximately 3.7  3.7. In association with the ECAL, the
HCAL also provides a measurement of the energy of charged and neutral hadrons with a relative
resolution of 0.8/
p
E (E in GeV).
Muon chambers consisting of two double layers of streamer tubes surround the HCAL.
Electrons and photons can be identied using the ECAL, whilst muons are seen as tracks giving
a series of hits on digital readout strips in the HCAL and muon chamber streamer tubes.
Combining the information of all subdetectors, an energy-flow algorithm [19] provides a
measurement of the total energy and a list of charged and neutral reconstructed objects, called
energy-flow objects, with measured momentum vectors and information on particle type.
3.2 Event Selection
In this analysis data taken at the Z peak in 1994 are used. First a hadronic selection is applied.
Charged particle tracks are selected that have at least four measured space coordinates from the
TPC, a polar angle in the range 20 < θ < 160, and a transverse momentum with respect to
the beam direction of p? > 0.2 GeV/c. In addition, the closest radial distance of approach of the
extrapolated track to the beam axis, d0, is required to be less than 2 cm, and the z-coordinate of the
point of closest radial approach, z0, is required to be less than 10 cm. Using these selected charged






pi is computed. Neutral energy-flow objects
are kept if their polar angle with respect to the beam axis is in the range 11.5 < θ < 168.5.
Events are selected that have at least ve selected charged particle tracks and Ech > 15 GeV.
According to the MC simulation, this basic hadronic event selection is about 97% ecient. Non-
hadronic background, which is dominated by τ+τ− events, represents 0.3% of this sample. A
sample of 1.4 million hadronic events is kept for further analysis. The observables described in
Section 2 are computed taking all selected charged and neutral energy-flow objects.
The analysis also uses 1.5 million simulated hadronic events produced with a generator based
on the JETSET 7.4 parton shower model [20]. The production rates, decay modes and lifetimes of
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heavy hadrons are adjusted to agree with recent measurements, while heavy quarks are fragmented
using the Peterson model [21]. Detector eects are simulated using the GEANT package [22].
The four-jet rate for ycut = 0.008 found in the data is 7.09  0.02%, to be compared to
6.86 0.02% as observed for the full MC simulation. The errors are statistical, only.
3.3 Detector Corrections
The observables have to be corrected for detector eects such as nite acceptance and resolution.
This is done by computing the observables from the MC before and after the detector simulation
and imposing the same track and event selection cuts as for the data. Then bin-by-bin correction







i ) denotes the number of entries in the distribution at the hadron (detector) level.
The hadron level distributions are obtained by switching o any photon radiation in the initial
and nal state (ISR, FSR), with all particles having mean lifetimes less than 10−9 s required to
decay, and all other particles being treated as stable. So from a measured distribution Dmeasi a






These corrected distributions are then compared to the predictions from perturbative QCD, which
have to be corrected for hadronization eects, i.e., long-distance non-perturbative eects.
The detector correction factors are typically found within the 5-10% range, increasing at the
edges of the phase space. The corrections for the Bengtsson-Zerwas angle, the Nachtmann-Reiter
angle, the y4 distribution and the D-parameter are displayed in Figure 1.
To estimate systematic uncertainties for these correction factors, the analysis has been repeated
with charged tracks only, and the dierence in the corrected distributions has been taken as an
estimate for systematic biases.
3.4 Hadronization Corrections
The perturbative predictions are corrected for hadronization eects by computing the relevant
observables at parton and at hadron level, which then allows to dene bin-by-bin correction





The superscript part refers to the parton level. So from a purely perturbative prediction Dperti a







which can then be compared to the corrected data Dcorri .
The JETSET parton shower model together with the Lund string fragmentation scheme is
employed for the calculation of the hadronization corrections. The model parameters have been
taken from [16], with the exception that nal state radiation is not included in the simulation.
A similar approach for the description of the parton level is taken by the HERWIG 5.9 [23]
program. However, there the fragmentation is modelled according to the cluster fragmentation
scheme.
It should be considered that the basic idea of the parton shower is to describe well the structure
of jets in two-jet like events, since it is based on a collinear approximation of the matrix elements
for gluon radiation o quarks. Because of the matching of the rst parton branchings to the exact
LO matrix elements, also three-jet like quantities are described rather well. However, it can not
really be expected that the parton shower approach gives a good description of four-jet quantities.
In fact, rather large discrepancies have been observed in the past [24].
A dierent approach can be tested by using the matrix element option in the JETSET program,
where at the parton level two-, three- and four-parton nal states are generated according to
the exact NLO matrix elements, and then the hadronization step is performed via the string
fragmentation scheme. This model should give a better description of four-jet related quantities.
However, it is known not to describe well the energy evolution of basic quantities such as the
charged multiplicity [25].
In Fig. 2 the hadronization corrections found with the various models are plotted for some of the
observables. The two parton shower models JETSET and HERWIG give very similar corrections,
which are very large, in the 20% region and even above. The corrections obtained with the
JETSET matrix element option are typically even larger and quite dierent from the previous
ones. The large discrepancies at the order of 10% can be traced back to large discrepancies in the
four-jet rates at parton and at hadron level. The parton shower option gives a four-jet rate of 8.2%
(6.9%) at parton (hadron) level, whereas the matrix element option predicts 10.23% (7.68%).
These large discrepancies indicate that determinations of the strong coupling constant will
suer from very large hadronization uncertainties if the variables and t ranges are not chosen
very carefully. Denitely it will be desirable to study new MC models where the matrix element
approach is combined with a parton shower.
3.5 Comparison of the NLO Predictions with Corrected Data
In Figs. 3 and 4 a comparison of the perturbative NLO predictions with the corrected data is
given, for two dierent choices of the renormalization scale. The variables shown are the Ko¨rner-
Schierholz-Willrodt angle, the y4 distribution, Thrust Minor and the D-parameter. The two
renormalization scales tested are µ = MZ and a more extreme value of µ = 0.1MZ . Furthermore,
the predictions in leading order only are also shown. The value chosen for the strong coupling
is αs(MZ) = 0.118. The hadronization corrections are taken from the JETSET parton shower
model. The errors on the data points are the quadratic sum of statistical and systematic errors
as described in Section 3.3.
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For all the distributions it can be seen that the choice µ = MZ does not give a good description
of the data. However, going to a very small scale it is possible to reproduce the data rather well
in case of the angular distributions and y4. Some discrepancies remain for Tmin and D. The fact
that low scales are needed for a reasonable description of the data has already been observed in
the past, when the rst αs determinations were performed with event shapes of the three-jet type
and with NLO calculations only [16]. This indicates that next-to-next-to-leading order corrections
might still be very large and that a resummation of large logarithms has to be performed. A rst
attempt for that has been presented recently in [13] for the four-jet rate.
For the angular distributions it is found that the NLO contribution is absolutely necessary
in order to reproduce the overall normalization for a reasonable value of the strong coupling.
However, the shape of the distributions is not altered very much by the NLO correction. This
is in agreement with the ndings of [12], and gives condence in the results for the colour factor
measurements which have been carried out previously, using LO predictions only.
Since the y4 distribution shows the least critical behaviour with respect to the hadronization
corrections, the systematic uncertainties for an αs determination are studied, within a reasonable
t range. Changing the renormalization scale from 0.1MZ to 2MZ and taking half of the full
range spanned by the tted αs values would result in a relative theoretical error of about 10%,
which is the same order of magnitude as the errors found for the rst αs measurements at LEP
with three-jet event shapes and NLO predictions only. A similarly large scale dependence when
studying the four-jet rate has been observed in [8].
An estimate of the hadronization uncertainties is obtained by taking the dierence in the tted
αs values found with the parton shower and the matrix element option. This would result in a
relative error of 4%, which is larger than the hadronization uncertainties for three-jet observables.
This should be regarded as a rather conservative value because of the known deciencies of both
models with respect to the description of four-jet or global event quantities.
4 Conclusions
New next-to-leading order calculations for four-jet observables have been compared to corrected
ALEPH data. It is found that these observables suer from very large hadronization corrections
and that the predictions for the corrections dier signicantly between the parton shower and the
matrix element models. In order to get a good description of the data, very small renormalization
scales have to be chosen. This indicates that uncomputed higher order corrections are important
and that resummation calculations have to be carried out, as was true for the widely used three-jet
observables.
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Figure 1: Detector corrections for the Bengtsson-Zerwas angle, the Nachtmann-Reiter angle, the
y4 distribution (Durham) and the D-parameter. The error bars indicate the statistical error from
the nite Monte Carlo statistics.
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Figure 2: Hadronization corrections for the Ko¨rner-Schierholz-Willrodt angle, the angle α34
between the two lowest energy jets, the y4 distribution (Durham) and Thrust Minor, for three
dierent Monte Carlo models. The error bars indicate the statistical error from the nite Monte
Carlo statistics.
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Figure 3: Comparison of the leading (LO) and next-to-leading order (NLO) perturbative
predictions, corrected to the hadron level (HL), with corrected ALEPH data. The variables
are the Ko¨rner-Schierholz-Willrodt angle, the y4 distribution, Thrust Minor and the D-parameter.
The renormalization scale is µ = MZ , and αs(MZ) = 0.118.
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Figure 4: Comparison of the leading (LO) and next-to-leading order (NLO) perturbative
predictions, corrected to the hadron level (HL), with corrected ALEPH data. The variables
are the Ko¨rner-Schierholz-Willrodt angle, the y4 distribution, Thrust Minor and the D-parameter.
The renormalization scale is µ = 0.1MZ , and αs(MZ) = 0.118.
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